It is often necessary to divide a certain amount of money between n participants, i.e., to assign, to each participant, a certain portion wi 0 of the whole sum (so that w1 + : : : + wn = 1). In some situations, from the fairness requirements, we can uniquely determine these \weights" wi. However, in some other situations, general considerations do not allow us to uniquely determine these weights, we only know the intervals w ? i ; w + i ] of possible fair weights. We show that natural fairness requirements enable us to choose unique weights from these intervals; as a result, we present an algorithm for fair division under interval uncertainty.
Introduction to the Problem
The general problem of fair division. It is often necessary to divide a certain amount of money between n participants, i.e., to assign, to each participant, a certain portion w i 0 of the whole sum (so that w 1 + : : : + w n = 1).
In some situations, we do not know the exact weights. In some situations, from the fairness requirements, we can uniquely determine the \weights" w i . However, in some other situations, general considerations do not allow us to uniquely determine these weights, we only know the intervals w i = w ? Formulation of the problem. We want to select some values w i 2 w i for which w 1 + : : : + w n = 1, and assign to each participant w i -th portion of the divided sum. How can we do that fairly?
Comment. Before we choose the weights from the given intervals w i , we must be sure that such a choice is possible, i.e., that the given intervals w i are consistent. This consistency condition can be easily expressed in terms of a double inequality:
From 
Towards a Formalization of the Problem
We want to describe a transformation T that maps every nite consistent sequence of intervals w i 0; 1], 1 i n, into a sequence of exactly as many real values w i 2 w i :
(w 1 ; : : :; w n ) ! (w 1 ; : : :; w n ) in such a way that for the resulting sequence of real numbers, w 1 +: : :+w n = 1.
There are some natural properties that we expect from this transformation:
1. First, the distribution must be fair, it must not depend on the order in which we presented the participants. A participant who was assigned # 1 could as well be assigned # 5, and vice versa. Therefore, the desired function should not change if we simply swap i-th and j-th participants: If De nition 2.
By a division under interval uncertainty, we mean a transformation T that transforms every consistent nite sequence of intervals w 1 ; : : :; w n into a sequence of real numbers w i 2 w i for which w 1 + : : : + w n = 1.
We say that a division is fair if it is continuous and satis es the conditions (1){(2).
Theorem. 4 Proof of the Theorem 1. Let us rst make a comment that will be used in the following proof. Due to symmetry (1 0 ), if two of n intervals coincide, i.e., if w i = w j , then the resulting values w i and w j must be equal too. 2. We want to prove that the transformation T is described by the formula (3) for all consistent sequences of intervals w i . To prove it, let us rst start by showing that this is true for intervals w i = w ? i ; w + i ] with rational endpoints. Since all the endpoints are rational, we can reduce them to a common denominator. Let us denote this common denominator by N; then each of the 
and nally, subtracting the two fractions in (10), we get the desired result (3). 3. We have shown that the formula (3) holds for all intervals with rational endpoints. Since the transformation T is continuous, and since every interval can be represented as a limit of intervals with rational endpoints, we can conclude, by tending to a limit, that this formula is true for all intervals. The theorem is proven.
